[Terry Lee]

Multiple Choice
1A) (3=2i)2=9-4-2x3x2i=5-12i
—du 1 1 1
2 A =, =—sec’ X.
) .[ u’  2u® 2cos’x 2

3 C)u=x,dv=cosxdx,du =dx,v=sinX
chos XdX = Xsin X — Isin xdx
=XsinX+cosX+C.
4D)Iff (x)=2(x-1)*(x+3) thenb=2
Iff (X)=2(x+3)*(x—1) then b =10
5 B) by definition, PA+ PB = constant, then the

locus of P is an ellipse with foci A and B.

6B)y= i1/2sin|x , where sin|X| > 0.

T
7 D) For OSXSZ,tanx>tan2xandl—tanx<1—tan2x

SA>Band D>C.
A=nv2=035D="— 1—£j=——1:o.57.
4 4
8 C) 7 =cis—%, iz =cis (—”Jrzjzcis—ﬁzz2
6 6 3

9D)

v

HSC Ext 2 2019 Solutions
Question 11

(@@ z+w=>10+3)+2+i)=3+4i

(i) £:1+3.i :(1+3i)(2+i):—1+7i
W 2-i 5 5
(b) : y :
! —2{ 3°\2 i -
i -1 |
X:_i xlzi
i NG
F0c1S(i\/ 1,0):(1\/5’0)
Directrices X = i%
I, X+5
- =—tan" —=+C
(c).[ x2+10x+29 .[(x+5)2+4 2 -
@[ j( ! jdx=1nx_3+c
(x+3)(x 3 Jxi3 %3 3

() () z=-1+i3 = 2cisT

(ii) 2’ = 8cis 27 = 8 = 8+ 0i
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Question 12
@) Im(2)

| N
4

Re(2)

\|,/

(b) (1) Using the Cosine rule,
x> +y? —2xycos27ﬁ =70

X +y> +xy =70

.. dx dy dx _dy
2X—+2y—+Yy—+X—=0

W25 2 5 Y o ax
dx dx

2X—+8y+y—+4x=0
a0

60%+400+50%+120 =0
dt dt

dx 520 52
—=———=——ms .
dt 110 11

40

(¢) Volume V = 27:_[

10

40
xydx = ZﬂAI xe " dx

10

Let u = x,dv =e ™dx,du =dx,v= —&e‘kx.

40

40
V:[——ZﬁAxe”} +—27[AJ' e dx
k 10 k Ji

0

— 2”A(10e710k _40e40k )_ 2z A leka "
K K Lko

2rA 2rA, -
_ ” (106 10k _40€4ok)+ % (e 10k _ o 40k)
= 2;’f‘((lok +1)e% — (40k +1)e )
(d)
(i) (ii) (iif)
A A A

v
v

v

HSC Ext 2 2019 Solutions
Question 13

@ () m= bsec’®  bsecd
asecftand atanf’

y—btané’:bse—cg
atand

(x—asecd)

ay tan @ —ab tan” @ = bxsec @ —absec’ 8
bxsecd—aytan = Eib(sec2 0 —tan’ 9) =ab.
(ii) bxsec@® —ay tan 6 = ab 1)
bxsecg—aytang = ab 2)
(2)xtan @ — (1) x tan ¢ gives
bx (sec ¢ tan & —sec & tan ¢) = ab(tan & — tan ¢)

_ a(tanf-tang)

- secgtand—secOtang

b(secd—secy)

_ secgtan@—secOtang  D(secd—secg)

N _
(i) Moy a(tan 0 tan @) a(tan @ —tan )
sec ¢ tan 6 —sec 6 tan ¢
b(secd—secy)
Eqn of OT :y =————<X 3)

a(tan@—tan¢) )

Sub M [% (secd+sec ¢),%(tan 6+ tan ¢)j to (3),
b
LHS = E(tan 6+ tan @).

b(secO—secd) a
RHS=——— < x—(secl +secq)
a(tanf—tang) 2

_ bsec’ @—sec’ ¢

"2 tan @ —tan ¢
_btan’+1—tan’ g1
T2 tan & —tan ¢

= %(tan 0+ tan ¢) = LHS.
..0,T and M are collinear.
(b) (i) Area(ABCD) = %(AD +BC)AB

1 1 2 2
=1+ 0=y)y=(2-0-x))1-x)

=%(1+x2)(1—x2)=%(1—x4)
vsin @

(©)@Dy=0t= 29

5 . 20%sin * cos -
X_v sinfcosf 3 3 _100\/§ m
49 4.9 49
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HSC Ext 2 2019 Solutions

1
2051n§ 10\/5

(ii) For object 2, when t = -2= -2

4.9 4.9

L 100y3
4.9
be its angle of projection.

10043 _ u(lof

3 -2 |cosé@
49 49

1003 = u(lO\/§—9.8)cos6’ (1)
2
0=-49 M—2 +u M—2 sin @
49 49

4.9 M—2 =usind
4.9

10+/3-9.8 =Uusin 6 )
Q gives —100\/5
(2) 10+/3-9.8
(1043 —9.8)2

1003
.. 60 =0.32 radians or 18°.

Sub. to (2), u = M—_%
sin18°

,¥ =0. Let U be its initial speed and &

- (10@—9.8)cot 6.

c.tand = =0.3265

=243 ms .

>

horizontally, N sin§ =

Question 14

(a) Resolving the forces
vertically, N cos @ = mg (1)

mv?

@)

2

(%)) gives tan@ = Vo= grtan 4.

rg
N

/f

(b) (i)x=0givesg—kW=0,_',W=%.

1.lw dV
Lew J — kv

1
T=|-——In g—kv}
|: k | |1.(7w

g—1.6wk
g—1.1wk

(i)

T
:I dt, letting X :ﬂ
0 dt

11w

=lln
k

1. [g-1.69
g-1.1g

1.1w
(iif) vdv
1.6w g - kV

11w
D= _1 1——g dv
K Ji6w g- kv

D
= I dx, letting X = vdv
0 dx

1.lw

:—%[v+%ln|g —kvq

1.6w

~Low-1.1w)+ L 1n|9=109
k k g-1.1g
g .9

= 2k2 +Fln6

:%GH@)
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(c) (1) Lett =tan X
1-t?
2t
14t
St
= cosec 2X.
(i1) Let n =1, LHS = cosec2X = cot X — cot 2X
= RHS, from part (i).

1
cotX—cot2X=——

Assume 3In: icosec(2r X) =cotX— cot(2n X).
r=1
n+1

RTP ZCosec(zr X) =cotX— cot(2n+1 X)
r=1

LHS = cot X — cot(2"x) + cosec(2""'x)
= cot X — cot (2" x) + cosec(2x 2"X)
=cotX— cot(z” x) + cot(2” x) - cot(z x 2" x)
= cot X —cot (2" x) = RHS,

.. True for all n > 1 by the principle of Induction.

HSC Ext 2 2019 Solutions
Question 15

(a) (i) Let u = —x,du = —dx.

) de — Iia&(_du)
L F)+ f(=x) a f(=u)+f(u)
[ f(u)
[ ) A
2 f(x)

= X
a fX)+ f(=x)

1 X 1 —X
.. € €
(ii) JA ———dx :J —dx.
-1e" +¢e -1€e" +¢€
1 X

e 1 leX -X
j - 7de:—J. X+e7xdx
_1e'+e 2J.e" +e
1 1
=—| dx
2J.

=1

A wins A misses, B misses, A wins

v v v oo
. W y w w
(b) (@) Pr(A) w4y " Wiy Wty o wety

Fas)

+ +

WH+YW+Y ) w+y
W

= Lwil/, using limiting sum of a GP

1- 2
(W+y)
W+ wy

Wy twy
2wt 2 1

==> > .. A has a higher chance

Ifw=y,Pr(A)=
Y. Pr(A) w3

to win.

(i) Pr(B)=1-Pr(A)
i W +wy

W+ Yy’ +wy
yZ

WYy

If Pr(B) > Pr(A),y* > W’ +wy

2
y——l—l > 0.

wow

Y145 y 1-45
2

reject —<——<0
]
w 2
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~ [ X "x+1-1
©0 Io(x+1)2dx_ o(X+1)2dX

[y
o\ X+1 (X+1)

:[ln(x+1)+L}
X+1

0

:1n2+l—1
2

:1n2—l.
2

(ii) Letu = x",dv =

—,du =nx""dx,v = i
X+1

(
el }
(x+1) ox+1
l 1’”(x+l)
; I

1
=y )
S(d=ml, =—%+ nl,

o n,
2(n-1) n-1""

Sy =

:l—é+3ln2—§
4 4 2

=3In2-2

HSC Ext 2 2019 Solutions
Question 16

(a) Substituting X =r cos G,
r’cos’@—prcos@+q= r(r2c0s3 6- pcos0)+q
= r[43—pcos3 6- pcos9j+q

:%(40053 9—3cosﬁ)+q

=?cos39+q

:mx _4q
3 3

+q

=—(+q, since r’ =%,

=0.
. rcos@ isaroot of X’ — px+q=0.
(i) Letx=a+3,.a=x-3.
Substituting X by x — 3,
(x=3) +9(x=3)* +15(x=3)-17=0
X* =X +27X—27 +9x> —54x+81+15x—45-17 = 0.
X' —12x-8=0.

(iii) The roots of X’ —12x—8 = 0 are X = I cos , where

4x12 =4, and cos30 = —4x -8 =l,
64 2
30 =+—+2krx
9 3
:Z,S—” i , taking k =0,1.
99 9

S X=4cos— 4cos5— 4cos7—7[
9’ 9

.. The roots of X* +9x* +15x—17 = 0 are X =4c0s%—3,

4coss—ﬂ-—3,4cos7—”—3.
9 9

(b) (i) Za =2(Re(a)+Re(B)) =

~.Re(a)+Re(f) =k. )
Yapf =2+4(Re(a)Re(f)) = 2k*,
- 1+2Re(a)Re(B) =Kk’. (2)

(1* = (2) gives (Re(a))” +(Re(B))’ =
(i) But (Re())’ +(Im(a))” =1,
- Re(f) =tIm(a).
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HSC Ext 2 2019 Solutions

p B

(@)

/\,/Re f)=*Im(a)

v

(c) By the Sine rule,

d e
sin BCA sin BAC
LHS =— d
sin(BCD - ACD)
d

= opposite angles in a cyclic
sin(BCD - (7 —E) (opp g Y

quad are supplementary)

d
~sin(C+E-7)
-

sin(C+E)’

_ €

" sinBAC

=— , since ZBAC = ZBDC (angles subtending
sin BDC

the same arc are equal)

_ a
sinCBD

_ a
sin(CBA-DBA)

a

=————, (opposite angles in a cyclic
sin(B—(7-E)) (opp g 4

quad are supplementary)
a
sin(B+E)
. a 3 d
Usin(B+E)  sin(C+E)’
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